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PRSLUJIUARI  EXPZRII.3NTS  ON 


PROPAGATION 


OF  PLASTIC  DEFOPJlATION 


■■  Abstract  . 

In  a  recent  report  von  'Karman  develops  a  theorjr  of  the 
propagation  of  plastic  defomation  in  solids  that  may  open  the 
WS.J  to  a  systematic  interpretation  •  of  ■  a  great -intny  impact  and 
penetration  problems  in  which  plastic  defoniiations  of  beams, 
plates  and  a.rmor  are  involved., The  present •  report  describes' 
experiments  that  have  been  made  with  the  object  of  testing  the 
assumptions  of  the  theory  and  that  provide.- data  on  (i)  the 
existence  of  a  plastic  wave  front  of  a  given  amplitude,  (ii)  the 
relation  between  the  velocity  of  impact  and  the  amplitude .of  the 
plastic  wave  front,  and  (iii)  the  shapb'.pf  .the  plastic  waye  and 
the  velocity  of  propagation  of  the  plastic  front.  The.  experi- 
.ments  show  that  the  theory  is  able  to-  describe,  along  general 
lines,  the  process  of  the  .■propagation- of  deformation  in  solids. 
In  particular,  the  'theoretically  .predicted  relation  beWeen  the 
velocity  of  impact  and  the  resulting  maxim'um  plastic  deforma¬ 
tion  checks  quite  well  with  the  .experLments ;  The  actual  -shape. 

-  of  the'  plastic  wave  is  found  to  be  at  some  variance  with  the 
'theoretically  obtained  curves  and  hence, .needs  further  explana- 
-tion. 


The  object  of  the  experiments  described  in, this  report  is 

to  check  the  formulas  established  in  von  Karman 's  theory  of  the 

1/  -  ■  ■■" 

propagation  of  plastic  deformation  in  solids."  ,  The  verifica¬ 
tion  deals  chiefly  with  the  following  three  points; 

(i)  The  existence  of  a  plastic  wave,  front,  of  a  given 
.amplitude., 

(ii)  The  relation  betTfCcn  the  amplitude  of  the  plastic 

2/ 

wave  front  and  the  velocity  of  impact  v^,  namely,—' 

V  =  /(,d<r/d£T  (11) 

o  ^  ^  cv  ?  ■ 

0  o'' 

1/  Th.  von  Karman,  On  the  propagation  of  plastic  defortna- 
tion  in  solids,  NDRC  Report  A-2 9.,  ' 

2/  This  is  Eq.(1l)  in  von  Karman 's  report. 
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where  <r  is  the  stress,  £.  is  the  strain  and  /d  is  the  density  of 
the  solid  material. 

(iii)  The  distribution  of  the  plastic  strain  S  between 

3/ 

the  plastic  and  the  elastic  front  as  given  by  the  formula—' 

- '  -TCt;)'  =/.xVt^  (9) 

where  T  [=  d<r/d£,]  is  the  modulus  of  deformation,  x  is  the  dis¬ 
tance  from  the  end  of  , the  vfire  to  the  point  under- consideration, 
and  t  is  the  time.  ■ 

1.  Experimental  set-up 

Vife  vrere  able  to  use  the  high  velocity  impact  testing  machine 
designed  by  Doctor  D.S.  Clark.  In  this  testing  machine,  the 
impact  is  produced  by  a  hammer  that  falls  betvreen  two  vertical 
rails • and  that  is  accelerated  by  pre-stretched  rubber  bands. 

The  maximum  velocity  attainable  is  approximately  200  ft/sec. 

The  velocity  is  measured  by  a  suitable  electric  device. 

The  specimen  used  v/as  an  annealed  copper  vdr'e  about  100  in. 
long  and  0,071  in.  in  diameter.  On  every  specimen  equidistant 
ma.rks  were  made  with  1-in.  spacing.  After  the' test,  the  plastic 
strain  was  determined  by  measuring _ the  displacement  of  each  mark. 
In  order  to  observe  the  propagation  of  the  plastic  vrave  while  it 
travels  up  the  wire,  a  series  of  experiments  was  made,  all  -with 
the  same  speed  but  with  the  impact  stopped  after  different  time 
intervals  which  varied  from.O.U  to  1+  millisec.  In  this  way  vre 


3/  Eq.(9)  in  von  Karman's  report. 
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"freeze"  the  plastic  strain  along  the  -wire,  since  the  elastic 
deformation  is  negligibly  small  in  comparison  with  the  per¬ 
manent  set.  For  this  purpose  the  follovring  device  was  employed. 

The  bottom  end  of  the  wire  is  attached  to  a  rigid  piece 
A  (Fig.l),  At  B  is  a  vertical  rod  that  rests  on  the  bottom 
frame  of  the  machine.  The  upper  end  of  this  rod  fits  loosely 
into  the  tubular  part  of  A.  VJhen  the  hammer  H  hits  the  piece 

A,  the  specimen  elongates  until  A  reaches  the  rod  B.  The 
piece  A  contains  a  circular  notch  N,  and  the  rim  of  A  brealcs 
off  at  this  notch  after  A  has  traveled  the  distance  D  and  comes 
to  rest  on  the  rod  B.  The  purpose  of  this  arrangement  is  to 
allow  the  hammer  to  continue  to  move  dovmward  and  also  to  dis¬ 
sipate  some  of  its  remaining  kinetic  energy.  However,  no 
kinetic  energy  is  transferred  to  the  specimen  after  A  reaches 

B.  The  time  of  impact  is  therefore  the  distance  D  divided  by 
the  velocity  of  the  hammer  during  the  process  of  elongation. 


2 .  Static  stress-strain  curve  for  the  specimen  used 

The  static  stress-strain  curve  for  the  copper  used  in  the 
impact  tests  is  shown  in  Fig. 2.  The  specimen  employed  in  the 
static  test  was  a  20-in,  length  of  the  wire  used  for  the  impact 
experiments.  The  stress  plotted  in  Fig. 2  is  the  true  stress 
calculated  by  means  of  the  formula 

■^true  =  "'app/f'-'')' 

where  S“g^pp^  denotes  the  load  divided  by  the  ihitial  cross  sec¬ 
tional  area. 


-k- 


From  the  aforementioned  static  stress-strain  curve  T;e 
calculated,  the  '/’■aiue  cf  dcr/dL  as  a  function  of  t  and  then 
plotted  the  cui  ve  e'',’.ov.dnf;  the  quantity 

/(do-/d£.) 

as  a  function  of  £ .  This  quantity,  according  to  th.e  theory, 
gives  V3_,  the  velocity  of  propagation.  In  Fig .3  the  corres¬ 
ponding  values  of  the  permanent  set  £  and  the  quantity 
\/(dr/d&)//>  derived  from  the  static  tests  are  plotted  up  to 
a  value  of  2000  ft/sec.  Figure  h  represents  the  continuation 
of  the  curve  up  to  the  velocity  of  the  elastic  front.  From 
these  curves  we  can  calculate,  for  each  value  of  the 
value  of  the  qxiantity 

'^1 

-  yspn  dv,  (11) 

^0 

where  v^  is  the  velocity  of  irapact  corresponding  to  a  plastic 
front  of  amplitude  5.3_.  The  curve  v^  versus  is  shown  in 
Fig. 5.  This  curve  readies  an  end  at  the  point  =  16  per¬ 

cent,  Vq  =  180  ft/sec.  The  impact  velocity  of  180  ft/sec 
is  therefore  the  "critical  velocity"  for  this  material.  An 
irapact  with  a  higher  velocity  must  produce  an  instantaneous 
brealcdomi  of  the  specimen. 


3 .  Measurements  of  the  distribution  of  the  strain  along  the 
specimen 

As  mentioned  in  Sec.1,  marks  were  made  on  the  specimen 
at  intervals  of  1  in.  The  distance  betvreen  the  origin  and 


-e- 


r 


-7- 


j 
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each  mark  is  denoted  by  x^,  ...  x^,  respectively.  After  the 
test  the  new  distances  between  the  origin  and  the  marks  trere 
measuredj  these  distances  are  denoted  by  x^,',  X2',  ...  • 

T/hen  the  differences  x^'  -  x^  are  plotted  as  a  fimction  of  x, 
curves  such  as  those  shown  in  Fig. 6  are  obtained.  The  sequence 
of  curves  corresponds  to  increasing  time  intervals.  By  taking 
the  derivatives  of  the  functions  represented  by  the  curves,  we 
obtain  the  values  of  the  strain  £  at  each  point  of  the  wire. 

This  way  of  measuring  the  strain  has  been  found  to  be  the  most 
practical  one. 

U.  Results  of  the  high  velocity  Impact  tests 

The  results  are  given  in  three  separate  sub-sections  — 

(i),  (ii)  and  (iii)  ^ —  in  order  to  show  to  vrhat  extent  they 
agree  with  the  three  principal  theoretical  results  which  we 
expressed  at  the  beginning  of  this  report. 

(i)  Existence  of  a  plastic  wave  front.  —  The  first  series 
of  tests  was  made  in  order  to  shovf  that  the  amplitude  of  the 
plastic  front  is  a  function  of  the  velocity  of  impact  alone. 

This  amplitude  remains  constant  while  the  elastic  front  and 
the  plastic  front  travel  along  the  specimen.  In  these  particu¬ 
lar  experiments ,  the  velocity  of  impact  v/as  always  92.^0  ft/sec, 
but  the  durations  of  the  impact  yrere  varied.  To  control  the 
duration  of  impact,  the  two  pieces  A  and  B  shoim  in  Fig.1  must 

be  placed  at  a  proper  distance  apart.  It  is  rather  difficult 

► 

to  measure  this  distance  accurately.  For  that  reason  vre 
calculated  the  duration  of  impact  t  from  the  total  elongation  D, 
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measured  on  the  specimen  after  the  test,  and  the  velocity  Vq 
of  the  hammer  afier  Jmpacu;  the  formula  used  is  t  =  E/v^^. 

The  velocity  afue.r  m-inacc^  v  ,  rras  determined  by  measuring 
the  velocity  of  tne  hariimer  immediately  before  the  impact  by 
means  of  an  electric  device  and  then  rrcultiplying  this  value 
by  the  ratio  where  m^^  and  m^  denote  the  masses 

of  the  hammer  and  the  piece  A,  respectively. 

Figure  6  shows  the  distribution  of  the  elongation 
along  the  wire.  The  duration  of  impact  is  indicated  on  each 
curve  and  is  also  given  in  Table  I.  All  the  curves  have,  near 
the  origin,  a  straight  portion  whose  slope  is  a  constant. 

Figure  7  shov/s  the  actual  readings  and  their  deviations  from  a 
straight  line  for  each  test.  The  curves  in  Fig, 8  —  obtained 
by  computing  the  derivatives  of  the  functions  sho\-m  in  Fig, 6  — 
give  the  distribution  of  the  strain  along  the  specimen,  le  may 
therefore  conclude  that  a  plastic  front  of  a  given  amplitude 
is  revealed  by  the  experiments  as  predicted  from  the  theory. 


Table  I.  Tests  in  which  the  velocity  of  impact  was  al;vays 
92, $0  ft/sec  but  the  durations  of  impact  vrere  different. 

D,  total  elongation  of  the  specimenj 

d,  distance  traveled  by  the  front  of  the  plastic  wave  and 
measured  on  the  curves  of  Fig.Sj 
t[=D/vQ],  calculated  time  of  impact  (millisec)j 
V3_[=d/t],  velocity  of  propagation  of  the  plastic  vrave. 


"■  E' 

(in.) 

'J  . . 

(in.) 

t 

(10“^ sec) 

(ft/scc) 

O.I46 

ii.U 

0.i|l5 

890 

.925 

9.U5 

.83ii 

9ii5 

1.11 

12. U 

1.03 

1000 

1 .81 

17.8 

1.63 

910 

2,S0 

26.U 

2.255 

975 

U.17 

ill  .5 

3.76 

920 

Mean  Value 

9ii0 

/?A5/r/do/'/oo  o/^ e/o/7<^of/on  ^^—Xo  c7/o/?<:^  //?e  spec/meo. 
Speea  oX//r?p<7cf,  92.  s'  T/Pd^  c/on^/y'oo  aX//r?pc?c/^  (sy/'/Z/jec)  /j  /r?  ~ 

d/cs/6’<y  a/?  <s<7c/?  curve. 


7.  Z//7<£=’£7/-  po/-/‘/ao.5  of' f/7&  cor\^es  off7'(^.  «s> 
^Aoi>y/n<^ i^/he  ocroo/ rd'cc///?<^j  ooc/ //?e/r  o^ov/o/'/on^ 
from  o  //ne. 


i(%} 


0  10  20  30  40  50  60  70  80  90  100 


f/^.  8.  />/\5fr/d  uf/oo  of  ffe  ^fra/n  S  <7/o/7q  f/?e  spec/m&n.  >Speec/ 
of  /mpocf,  92.^  ff/^ec.  77?e  c/aro for?  of  /mpocf(m////sec)  /\5  /r?cf/cofef 
or?  eoc/y  cor\/6>. 
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(ii)  Relation  between  the  velocity  of  Impact  and  the 
amplitude  of  the  plastic  wave  front.  ~  In  this  series  of 
tests,  the  velocity  of  impact  was  varied  from  one  test  to 
the  other.  The  total  elongation  was  not  necessarily  the  same 
for  all  the  tests.  The  stopping  device  was  adjusted  in  such 
a  manner  that,  during  the  impact,  the  plastic  front  traveled 
a  distance  of  betTreen  20  and  UO  in.  Figure  9  again  shows 
the  elongations  at  points  on  the  specimen  correspond¬ 

ing  to  the  distances  x  from  the  origin.  The  slope  of  the 
straight  line  portion  of  each  curve  gives  the  amplitude  of  the 
plastic  front  for  each  speed  of  impact.  Figure  10  gives  the 
distribution  of  the  strain  along  the  specimen  in  each  case. 

The  experimental  values  of  corresponding  to  each  velocity 
tested  are  listed  in  Table  II.  For  comparison  with  the 
theory,  the  experimental  values  are  plotted  as  points  in  Fig, 5, 
whereas  the  solid  curve  represents  the  result  of  the  theoretical 

Table  II,  Tests  in  which  the  velocity  of  impacts  was  varied 

Vq,  velocity  of  impact* 

£j_,  amplitude  of  the  plastic  vrave  (%) ; 

D,  total  elongation  of  the  specimen j 

d,  distance  traveled  by  the  front  of  the  plastic  wave  and 
measiired  on  the  curves  Fig.lOj 
t[=D/vQ],  calculated  time  of  impact  (millisec)j 
V3_  [=d/t] ,  speed  of  propagation  of  the  plastic  wave. 


^0 

(ft/sec) 

(^) 

iJ 

(in.) 

'  d  ' 

(in.) 

t 

(10**^sec) 

(ft/sec) 

23.1 

1.0 

0.ii7 

25 

1.70 

1230 

1i6.2 

2.9 

.82 

20 

1.1;7 

1130 

69. U 

5.0 

2.81 

U0.5 

3.37 

1000 

92.5 

6.6 

1.81 

17.8 

1.63 

910 

1l5 

8.7 

2.1U 

16 

1.55 

860 

139 

10.8 

3.2li 

17 

1 .  9U 

730 

lUS 

12.5 

2.U9 

10.5 

1.40 

630 

171 

Rupture 

-/s- 
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0 


10 


20 
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computation.  The  agreement  between  the  experimental  results  and 
the  predetermined  curve  is  fairly  good.  The  highest  speed  of 
impact  we  used  was  171  ft/sec.  For  that  speed  the  specimen 
broke  within  the  first  inch.  The  distribution  of  the  strain 
along  the  specimen  is  shorm  in  Fig.11.  The  theoretical  limiting 
velocitji"  is  180  ft/sec,  and  therefore  is  slightly  higher  than  the 
velocity  for  which  we  obtained  a  rupture.  It  must  be  pointed  out 
also  that,  whereas  the  rupture  occurs  at  the  bottom  end  of  the 
specimen,  a  plastic  wave  of  relatively  small  intensity  travels  a 
considerable  distance  along  the  specimen,  as  shomi  by  the  curve 
in  Fig.11.  It  appears  that  the  mpture  required  a  relatively 
large  time  interval.-  The  first  inch  of  the  specimen  shoTfed  an 
elongation  of  about  $0  percentj  this  corresponds  to  a  time  inter¬ 
val  of  0.2U  millisec.  liore  experiments  on  the  critical  impact 
velocity  are  necessary  to  elucidate  this  point. 

(iii)  Shape 'of  the  plastic  vrave  and  velocity  of  propaga-  • 
tion  of  the  plastic  front.  —  The  distribution  of  the  plastic 
strain  t  along  the  wire  betvj-een  the  plastic  and  the  elastic  fronts 
may  be  calculated  from  Eq.(9),  using  the  curves  of  Figs. 3  and  ii. 
The  solid  curves  in  Fig. 12  represent  theoretically  computed  ampli¬ 
tude  distributions  of  a  plastic  wave  after  time  intervals  equal 
to  0.3,  1,  1.3  and  2  millisecj  the  assumed  velocity  of  impact  Vq 
is  92.3  ft/sec  and  is  6.6  percent.  The  dashed  curves  in 
Fig. 12  represent  plots  of  the  distribution  of  the  strain  for 
three  tests  made  with  the  velocity  of  impact  of  92.3  ft/sec. 

It  is  seen  that  the  experimental  and  theoretical  curves  deviate 
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considerably.  In  general,  the  velocity  of  propagation  of  the 
plastic  front  and  of  the  upper  portion  of  the  wave  is  sraaller 
than  the  theor3r  would  lead  us  to  expect.  On  the  otherhand, 
the  velocity  of  propagation  of  the  small  strains  is  greater  than 
the  theoretical  velocity.  The  curve  for  an  observed  plastic 
wave  is  not  as  steep  as  the  theoretical  one.  In  Fig^13  the  compu¬ 
ted  and  measured  velocities  of  propagation  are  compared.  It  is 
seen  that  the  actual  velocity  of  propagation  is  smaller  than  that 
given  by  the  theory  for  the  same  value  of  the  strain. 

It  was  mentioned  in  sub-section  (ii)  that  the  theoretical 
relation  betv/een  velocity  of  impact  and  maximum  strain  checks  quite 
well.  This  is  not  at  variance  ivith  the  findings  of  the  present 
sub-section,  since  the  velocity  of  impact  that  produces  a  certain 
amplitude  £3_  is  determined  bj'’  the  average  value  of  the  speed  of 
propagation,  which  is  almost  the  same  for  the  theoretical  and 
experimental  curves  shoun  in  Fig.12. 

3.  Conclusions 

It  is  seen  that  the  theory  is  able  to  describe  in  general 
lines  the  process  of  the  propagation  of  plastic  deformation  in 
solids.  The  theoretical  relation  established  between  the  velocitj?- 
of  impact  and  the  maximum  plastic  deformation  produced  by  the 
same  impact  checks  quite  vrell  with  the  experiments.  The  shape  of 
the  plastic  wave  is  at  some  variance  ‘imth  the  theoretically 
obtained  curves.  These  deviations  need  further  explanation. 
Hov/ever,  it  is  possible  that  they  can  be  ascribed  to  the  influence 
of  the  finite  length  of  the  specimens,  the  influence  of  the  rate 
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of  strain  on  the  stress-strain  relation  of  the  material  (neglected 
in  the  theory)  and  to  the  fact  that  the  impact  is  not  perfectly 
instantaneous.  It  is  obvious  that  further  theoretical  and  experi¬ 
mental  research  is  necessary  to  clear  these  aspects  of  the  problem. 
As  far  as  the  influence  of  the  finite  length  is  concerned,  a 
number  of  observations  have  already  been  made  during  the  tests 
vrhich  clear-ly  sho^v  that  the  plastic  vrave  is  reflected  at  the 
fixed  end  of  the  specimen,  and  this  of  course  must  influence  the 
shape  of  the  measured  plastic  Y;avo. 
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